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STATISTICAL PROPERTIES OF PHYSICAL-LIKE MEASURES
SHAOBO GAN, FAN YANG, JIAGANG YANG AND RUSONG ZHENG
Abstract. In this paper we consider the semi-continuity of the physical-like
measures for diffeomorphisms with dominated splittings. We prove that any
weak-* limit of physical-like measures along a sequence of C1 diffeomorphisms
{fn} must be a Gibbs F -state for the limiting map f . As a consequence,
we establish the statistical stability for the C1 perturbation of the time-one
map of three-dimensional Lorenz attractors, and the continuity of the physical
measure for the diffeomorphisms constructed by Bonatti and Viana.
1. Introduction
Let f : M → M be a diffeomorphism on some compact Riemannian manifold
M . An f -invariant probability measure µ is a physical measure if the set of points
x ∈M for which the empirical measures δf,nx satisfy
(1) δf,nx :=
1
n
n−1∑
i=0
δfi(x) → µ (in the weak-* sense)
has positive volume. This set is called the basin of µ and is denoted by B(µ). We
say that an invariant probability µ is physical-like if: for any small neighborhood
U of µ inside the space of probabilities P(M) (not necessarily invariant under f)
with respect to the weak-* topology, the set
{x ∈M : there are infinitely many nx,k ∈ N such that δ
f,nx,k
x ∈ U}
has positive volume. The set of physical-like measures of f is denoted by PhL(f).
Even though f may not have any physical measure, PhL(f) is always nonempty,
and any physical measure is physical-like (see [12]).
In this paper, we investigate the properties of physical-like measures under the
setting of diffeomorphisms with dominated splitting. More precisely, we assume
that there exists a splitting TM = E ⊕ F of the tangent bundle that is invariant
under the tangent map Df , and satisfies
(2) ‖(Df |F (x))
−1)‖‖Df |E(x) ‖ < 1 at every x ∈M.
In other words, the bundle F dominates the bundle E.
A program for investigating the physical measures of partially hyperbolic dif-
feomorphisms or diffeomorphisms with dominated splitting was initiated by Alves,
Bonatti, Viana in [8, 1]. Further results can be found in [17, 18, 2, 3, 4, 38, 39, 21, 16]
and the references therein. All these works rely on the Pesin theory, in particular,
the absolute continuity of the Pesin stable lamination. As a result, f has been
assumed to be at least C1+α.
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Below we will introduce a different method to describe the physical and physical-
like measures, which focuses more on the Ruelle’s inequality and Pesin’s entropy
formula, and works even for C1 systems.
Definition 1. We say that a probability measure µ is a Gibbs F -state of f if
(3) hµ(f) ≥
∫
log | det(Df |F (x)) | dµ(x),
where hµ(f) is the measure-theoretic entropy of µ. We denote the space of Gibbs
F -states by GibbsF (f).
When all the Lyapunov exponents of µ along the F bundle at almost every point
are positive, and when the other exponents are non-positive, then combined with
Ruelles’s inequality [31], it is easy to see that the previous inequality is indeed an
equality, which is known as Pesin’s entropy formula.
The relation between physical-like measures and Gibbs F -states is established
by Catsigeras, Cerminara, and Enrich in [13]:1
Proposition 1.1. Let f be a C1 diffeomorphism which admits a dominated splitting
E ⊕ F , then there is a full volume subset Γ such that, for any x ∈ Γ, any limit
point µ of the sequence {δf,nx } belongs to Gibbs
F (f). Moreover, we have PhL(f) ⊂
GibbsF (f).
In particular, their result shows that GibbsF (f) is always non-empty; further-
more, if f admits a unique Gibbs F -state µ, then µ is a physical measure whose
basin has full volume.
The relation between physical-like measures and the inequality (3) was first
discovered by Keller [22, Theorem 6.1.8] for one-dimensional C1 map with Markov
partition. Campbell and Quas used Keller’s result in [14] to show that every C1
generic circle expanding map admits a unique physical measure, whose basin has
full volume. The key point of Campbell and Quas’ proof is to show that generic
expanding map admits a unique Gibbs F -state. Later, Qiu ([30]) built the same
result for uniformly hyperbolic attractors, and proved that C1 generic hyperbolic
attractor admits a unique physical measure.
Despite that all the works mentioned above are under C1 generic context, we
would like to point out that Proposition 1.1 works beyond C1 generic setting. It
can be applied to a given diffeomorphism with higher regularity (C1+α) where it
is used in combination with Pesin’s theory. Examples of such applications include
partially hyperbolic diffeomorphisms with mostly contracting center or with mostly
expanding center, see for instance [38, 21, 39, 20].
The table below summarizes the various properties of PhL(f) and GibbsF (f).
For the precise statements and proofs, see Proposition 2.1 in the next section.
1In [16] and [21] a similar result is obtained for the Gibbs u-states of C1 partially hyperbolic
diffeomorphisms. Here a measure is called a Gibbs u-state if it satisfies the relation hµ(f,Fu) ≥∫
log | det(Df |Eu(x)) | dµ(x), where hµ(f,F
u) is the partial entropy along the unstable foliation.
Also note that Proposition 1.1 does not require f to be partially hyperbolic.
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PhL(f) GibbsF (f)
Existence True True
Convexity False True
Compactness True If h
.
(f) is upper semi-continuous
Semi-continuity Theorem A below If hµ(·) is upper semi-continuous
Here note that the compactness and semi-continuity of GibbsF (f) largely depend
on the continuity of the metric entropy as a function of the invariant measure and
of the diffeomorphism. Examples of such continuity include C∞ maps (by Buzzi [9]
and Yomdin [40]), diffeomorphisms away from tangencies (by Liao, Viana and Yang
[24]), time-one map of Lorenz-like flows (by Pacifico, F. Yang and J. Yang [28])
and many more. However, there are also many counterexamples where the metric
entropy function fails to be upper semi-continuous (see [10], [26] and [27]).
In this paper, we are going to reveal further connections between the two spaces
of measures, under the context of C1 perturbation theory. More precisely, we will
establish a more general continuity for physical-like measures, without any extra
hypothesis such as h-expansiveness.
Theorem A. Suppose that f is a C1 diffeomorphism which admits a dominated
splitting E ⊕ F , and {fn} is a sequence of diffeomorphisms converging to f in the
C1 topology. Then any weak-* limit of any sequence of physical-like measures µn
of fn is a Gibbs F -state of f .
As a result, if a diffeomorphism f admits a dominated splitting and has a unique
Gibbs F -state µ, then for any C1 nearby diffeomorphism g, and for any point x in
a full volume subset, any weak-* limit of the empirical measures {δg,nx }n must be
close to µ. In particular, any physical measure of g (when exists) must be close to µ.
This means that the existence of a unique Gibbs F -state is an intrinsic statistically
stable property.
As an application of Theorem A, we will show in Section 4 that the time-one
map of three-dimensional singular hyperbolic attractors and the example of Bon-
atti and Viana on T4 are statistically stable. More precisely, we will show that
for the diffeomorphism of Bonatti and Viana, the unique physical measure varies
continuously in C1 and weak-* topology. We would like to remark that this re-
sult could also be obtained from the general criterion of [32, Theorem E] combined
with the careful study of the entropy structure for the Bonatti-Viana maps in [15],
which already shows that the unique physical measure is “almost expansive” (for
the precise definition, see [15, Definition 2.3]). However, the method in this paper
does not rely on this fact.
Remark 1.2. Even though we assume that the dominated splitting is defined on
the entire manifold M , it is straight forward to check that the Theorem A remains
true when the dominated splitting is defined on a compact invariant set Λ. In
this case the dominated splitting on Λ, together with the invariant cones, can be
extended to a small neighborhood of Λ, see [7, Appendix B] for more detail. Then
Theorem A can be applied to a sequence of physical-like measures supported in this
neighborhood.
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2. Properties of physical-like measures and GibbsF -states
In this section we collect some properties of PhL(f) and GibbsF (f).
Proposition 2.1. Let f be a C1 diffeomorphism with dominated splitting E ⊕ F ,
then
(1) PhL(f) ⊂ GibbsF (f).
(2) PhL(f) is non-empty and compact.
(3) GibbsF (f) is non-empty and convex.
(4) GibbsF (f) is compact if hµ(f) is upper semi-continuous w.r.t. µ.
(5) GibbsF (f) varies upper semi-continuously w.r.t. f if hµ(f) varies upper
semi-continuously w.r.t. both f and µ. To be more precise, if fn → f (in,
say, C1 topology) and µn ∈ Gibbs
Fn(fn) with µn
weak-*
−−−−−→ µ and satisfy
lim sup
n
hµn(fn) ≤ hµ(f),
then µ ∈ GibbsF (f).
Proof. (1) follows from Proposition 1.1.
For (2), the non-emptiness and compactness follows immediately from the definition
of PhL(f) and the fact that P(M) is compact. See also [12] for more detail.
(3) GibbsF (f) is non-empty because of (1) and (2). It is convex since hµ(f) is affine
in µ.
To prove (4), take µn ∈ Gibbs
F (f) and assume that µn → µ in weak-* topology. If
hµ(f), as a function of µ, is upper semi-continuous, we obtain
hµ(f) ≥ lim sup
n
hµn(f) ≥ lim sup
n
∫
log | det(Df |F (x)) | dµn(x)
=
∫
log | det(Df |F (x)) | dµ(x).
So µ ∈ GibbsF (f).
For (5) the proof is similar to (4) and omitted. Note that dominated splitting is
persistent under C1 topology: if fn
C1
−−→ f then fn has dominated splitting En⊕Fn
such that En → E and Fn → F in the Grassmannian. 
It is also worthwhile to note that PhL(f) may not be convex, and there exist
examples for which PhL(f) $ GibbsF (f). To see such an example, consider a
uniformly hyperbolic diffeomorphism f with two disjoint transitive attractors Λ1
and Λ2, each of which supports an ergodic physical measure µi, i = 1, 2. Then
PhL(f) = {µ1, µ2} is not convex. Meanwhile, Gibbs
F (f) = {aµ1 + (1 − a)µ2 :
a ∈ [0, 1]}, so PhL(f) $ GibbsF (f). See also [12] and the discussion following [13,
Corollary 2].
Finally we would like to point out that neither PhL(f) nor GibbsF (f) behave
well under ergodic decomposition. There are examples (see [12]) such that PhL(f)
consists of a single measure which is not ergodic. Meanwhile it is easy to construct
examples such that typical ergodic components of a measure µ ∈ GibbsF (f) are no
longer in GibbsF (f).
STATISTICAL PROPERTIES OF PHYSICAL-LIKE MEASURES 5
3. Proof of the main theorem
In this section we prove Theorem A. From now on, {fn} is a sequence of C
1
diffeomorphisms with fn
C1
−−→ f . For convenience we will write f0 = f . Denote
by En ⊕ Fn the dominated splitting for fn. We will take µn ∈ PhL(fn) with
µn
weak-*
−−−−−→ µ. Then µ is an invariant probability of f .
Let us briefly explain the structure of the proof. Proving by contradiction, we
will assume that the limiting measure µ is not a Gibbs F -state. As a result, the
metric pressure of µ:
Pµ(f) := hµ(f)−
∫
log | det(Df |F (x)) | dµ(x)
must be negative. Then, for a proper finite partition A the metric pressure of fn
with respect to the nth join of A (and note that such join depends on the map
fn) is negative, uniformly in n: there exists b > 0, N > 0 such that for all n large
enough:
1
N
Hµn
(
N−1∨
i=0
f−in (A)
)
−
∫
log | det(Dfn |Fn(x)) | dµn < −b < 0.
This step is carried out in Section 3.1 and 3.2.
From here the proof largely follows the idea of the variational principle [36]. We
will consider the following good set:
Gnm = {x : δ
fn,m
x ∈ Un}
where Un is a small neighborhood of µn in the space of probability measures. Using
the pressure estimate above, we will show in Section 3.3 that the volume of Gnm,
when restricted to any disk tangent to local Fn-cone with dimension equal to dimF ,
is of order e−bm; furthermore, this estimate can be made uniform in n. Then it
follows that for Lebesgue almost every point, the empirical measures δfn,mx can only
be in Un for finitely many m’s, contradicting with the choice of µn ∈ PhL(fn).
To this end, we will assume from now on that µ /∈ GibbsF (f). To simplify
notation we write
φFf (x) = − log | det(Df |F (x))|,
then there exists a > 0 such that
(4) hµ(f) +
∫
φFf (x) dµ(x) ≤ −a < 0.
Also note that the definition of the function φFf (x) can be extended to any subspace
F˜ (x) ⊂ TxM .
3.1. A C1 neighborhood of f . We denote by dG the distance in the Grassman-
nian manifold. By the continuity of φFf and the compactness of the Grassmannian,
we can choose a C1 neighborhood U of f and δ0 > 0 small enough, with the follow-
ing property:
For any g ∈ U , x, y ∈ M with d(x, y) < δ0, and any subspaces
F˜ (x) ⊂ TxM , F˜ (y) ⊂ TyM with dim F˜ (x) = dim F˜ (y) = dimF0
and
dG(Fg(x), F˜ (x)) < δ0, d
G(Fg(y), F˜ (y)) < δ0
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where Eg ⊕ Fg is the dominated splitting of g which is the contin-
uation of E ⊕ F , one has
(5) |φF˜g (x) − φ
F˜
g (y)| <
a
1000
.
We further assume that δ0 is small enough, such that for every point x ∈M the
exponential map expx : TxM →M sends the δ0-ball Bδ0(0x) ⊂ TxM diffeomorphi-
cally onto its image.
For any δ > 0, we denote by Cδ(Fg(x)) ⊂ TxM the δ-cone around Fg(x):
Cδ(Fg(x)) = {v ∈ TxM : |vEg | ≤ δ|vFg | for v = vEg + vFg ∈ Eg ⊕ Fg}.
By the dominated assumption, the cone field Cδ(Fg) is invariant under the iteration
of Dg, i.e., there is 0 < λ < 1 independent of δ such that
Dg(Cδ(Fg(x))) ⊂ Cλδ(Fg(g(x))).
For δ0 satisfying (5) above, we will refer to
Cδ0(Fg(x)) = expx
(
Cδ0(Fg(x)) ∩Bδ0(0x)
)
as the local Fg cone on the underlying manifold M . Note that the local Fg cones
are invariant in the following sense: there exists δ1 ∈ (0, δ0) small enough such that
for all x ∈M one has
g
(
Cδ0(Fg(x)) ∩B δ1
‖g‖
C1
(x)
)
⊂ Cδ0
(
Fg(g(x))
)
∩Bδ1(g(x)).
From now on, δ0 and δ1 will be fixed.
Definition 2. Given g ∈ U , an embedded submanifold K ⊂M is said to be tangent
to local Fg cone, if for any x ∈ K one has
K ⊂ Cδ0(Fg(x)) ∩Bδ1(x).
2
The following simple lemma is taken from [28, Lemma 2.3].
Lemma 3.1. There is a constant L > 0 such that for any g ∈ U and for every
x ∈M and any disk D tangent to local Fg cone, we have vol(D) < L.
Writing
Bδ,n(x, g) := {y ∈M : d(g
i(x), gi(y)) < δ, i = 0, . . . , n− 1}
for the (δ, n)-Bowen ball around x. By the contraction of the cone filed on the
tangent space, it follows that
Lemma 3.2. If K ⊂M is a disk tangent to local Fg cone with dimension dim(Fg),
then for any x ∈ K and n ≥ 0,
gn
(
K ∩B δ1
‖g‖
C1
,n
(x, g)
)
is still tangent to local Fg cone. Moreover,
(6) volgn(K)
(
gn
(
K ∩B δ1
‖g‖
C1
,n
(x, g)
))
≤ L.
Proof. The first part of the lemma follows from the forward invariance of the local
cone and induction. The second part is a consequence of Lemma 3.1. 
2We slightly abuse notation and use Bδ0 (·) both for balls in TxM and in M ; one could easily
tell the difference by looking at the center.
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From now on, we take δ2 =
δ1
supg∈U{‖g‖C1}
which will be the size of the Bowen
balls and separated sets.
3.2. A finite partition. The goal of this section is to rewrite (4) in terms of the
information entropyHν of the finite join (under the iteration of the perturbed maps
fn) of a finite partition; here ν is a probability measure (not necessarily invariant
under f or fn) that is close to some µn. To this end, let δ0 and U be given in the
previous section, and recall that µn → µ in weak-* topology. We also write µ0 = µ.
Fix A a finite, measurable partition ofM with diam(A) < δ2, such that µi(∂A) = 0
for all i = 0, 1, . . .. The existence of such a partition follows from the fact that there
are at most countable disjoint sets with positive µi measure for each i, thus for any
point x, there is a ball with radius rx arbitrarily small such that the boundary of
this ball has vanishing µi measure for any i. Each ball and its complement form a
partition, we can take A as the refinement of finitely many such partitions.
Moreover, we can take A to be fine enough, such that:
(7) hµ(f,A) +
∫
φFf dµ < −
999
1000
a.
Then there is N large enough, such that
(8)
1
N
Hµ
(
N−1∨
i=0
f−i(A)
)
+
∫
φFf dµ < −
998
1000
a.
We would like to replace 1
N
Hµ
(∨N−1
i=0 f
−i(A)
)
by 1
N
Hµn
(∨N−1
i=0 f
−i
n (A)
)
. This
creates an extra difficulty since the partition in question depends on fn. To solve
this issue, we introduce the following lemma, whose proof is standard in the measure
theory and is thus omitted.
Lemma 3.3. Let µ, µi, i = 1, 2 . . . be probability measures such that µn
weak-*
−−−−−→
n→∞
µ.
Let A,Ai, i = 1, 2, . . . be a sequence of measurable sets with the following properties:
(1) A˜ := int(A), A˜n := int(An) satisfy that for every compact set K ⊂ A˜, there
exists NK > 0 such that K ⊂ A˜n for all n > NK ;
(2) the above property holds with A and An replaced by A
c and Acn;
(3) µ(∂A) = µi(∂Ai) = 0, i = 1, 2, . . ..
then we have limn→∞ µn(An) = µ(A).
As an immediate application, we have:
Lemma 3.4. For N > 0 fixed, we have
lim
n→∞
1
N
Hµn
(
N−1∨
i=0
f−in (A)
)
=
1
N
Hµ
(
N−1∨
i=0
f−i(A)
)
Proof. Elements of
∨N−1
i=0 f
−i(A) have the form:
A =
N−1⋂
i=0
f−i(Bi)
for some sequence {Bi ∈ A}
N−1
i=0 . Given such a sequence, we denote by
An =
N−1⋂
i=0
f−in (Bi).
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Since fn converges to f in C
1 topology and elements of A are finite intersections of
open balls Brxk (xk) and their complements, (1) and (2) of Lemma 3.3 are satisfied
by the sets A and An. For (3) of Lemma 3.3, observe that µn(∂A) = 0 implies that
µn
(⋃N−1
i=0 f
−i
n (∂A)
)
= 0 for all n, and the same holds for µ and f . It follows that
µ(∂A) = µn(∂An) = 0.
Now we can apply the previous lemma to get limn µn(An) = µ(A). In particular,
−µn(An) logµn(An)→ −µ(A) log µ(A).
Summing over all elements of
∨N−1
i=0 f
−i(A) (and keep in mind that this is a finite
partition for fixed N) and divide by N , we obtain the desired result. 
Combine Lemma 3.4 with (8) and use the continuity of φFnfn , we conclude that
there exists N1 ∈ N such that
(9)
1
N
Hµn
(
N−1∨
i=0
f−in (A)
)
+
∫
φFnfn dµn < −
996
1000
a,
for all n > N1.
Note that for each n and N , the set
⋃N−1
i=0 f
−i
n (∂A) is closed, so its measure
varies upper semi-continuously with respect to probability measures (not necessarily
invariant by any of fn). Fix ε > 0 small enough. For each n > N1, we can take a
small convex neighborhood Un ⊂ P(M) of µn, such that for any ν ∈ Un,
ν
(
N−1⋃
i=0
f−in (∂A)
)
< ε, and consequently
1
N
Hν
(
N−1∨
i=0
f−in (A)
)
≤
1
N
Hµn
(
N−1∨
i=0
f−in (A)
)
+
1
1000
a.
(10)
By the continuity of φFnfn , we can shrink ε and finally obtain
(11)
1
N
Hν
(
N−1∨
i=0
f−in (A)
)
+
∫
φFnfn dν < −
994
1000
a, for all ν ∈ Un.
3.3. From pressure to the measure of the good set. In this subsection we
assume that I is a smooth disk with dimension dimF that is tangent to local Fn
cone (to simplify notation we write Fn = Ffn), for some n = 0, 1, 2, . . .. Recall
that every µn is a physical-like measure of fn. As a result, there is a positive
volume subset Λn such that for every x ∈ Λn, there is a sequence {ik} such that
the empirical measures satisfy
(12) δfn,ikx ∈ Un
for any k, where Un is the neighborhood of µn in P(M) that we chose in the previous
subsection such that (10) and (11) hold.
To obtain a contradiction, for m ∈ N, we define
GI,nm = {x ∈ I ∩ Λn : δ
fn,m
x ∈ Un}.
The goal is to show that GI,nm have small measure with respect to the Riemannian
volume on I, uniformly in n.
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For this purpose, we let Enm be a maximal (δ2,m)-separated set of G
I,n
m w.r.t.
the map fn. Here we drop the dependence of E
n
m on δ2 since it is fixed throughout
the paper. Consider the following probability measure σnm supported on E
n
m:
σnm =
∑
z∈Enm
eS
fn
m φ
Fn
fn
(z)δz∑
z∈Enm
eS
fn
m φ
Fn
fn
(z)
.
Here Sfnm φ is the Birkhoff sum of φ w.r.t. the map fn, i.e., S
fn
m φ =
∑m−1
i=0 φ ◦ f
i
n.
By the convexity of the neighborhoods Un of µn and the definition of G
I,n
m , the
measure
µnm =
1
m
m−1∑
i=0
(f in)∗σ
n
m
is a convex combination of δfn,mx for x ∈ G
I,n
m and thus is contained in Un. Denote
by
Pnm =
1
m
log
∑
z∈Enm
eS
fn
m φ
Fn
fn
(z)
the pressure of the separated set Enm and P
n
= lim supm P
n
m the limiting pressure
for each fn.
Lemma 3.5. For n > N1, we have
P
n
< −
994
1000
a.
Proof. The proof is motivated by the proof of variational principle [36].
For any l ≥ 2N , write a(j) = [ l−j
N
] for 0 ≤ j ≤ N − 1. Here N > 0 is the integer
chosen in the previous section such that (8) to (11) holds. Then for each j we have
l−1∨
i=0
f−in A =
a(j)−1∨
r=0
f−(rN+j)n
(
N−1∨
i=0
f−in A
)
∨
∨
i∈S
f−in A,
where S is a subset of {0, 1, . . . , l− 1} with #S ≤ 2N . Therefore
mPnm = log
∑
z∈Enm
eS
fn
m φ
Fn
fn
(z) = Hσnm

m−1∨
j=0
f−jn A

+ ∫ Sfnm φFnfn dσnm
≤
a(j)−1∑
r=0
Hσnm
(
f−(rN+j)n
N−1∨
i=0
f−in A
)
+Hσnm
(∨
i∈S
f−in A
)
+
∫
Sfnm φ
Fn
fn
dσnm
≤
a(j)−1∑
r=0
H(frN+jn )∗σnm
(
N−1∨
i=0
f−in A
)
+ 2N log#A+
∫
Sfnm φ
Fn
fn
dσnm.
Summing over j from 0 to N − 1:
NmPnm ≤
m−1∑
r=0
H(frn)∗σnm
(
N−1∨
i=0
f−in A
)
+ 2N2 log#A+N
∫
Sfnm φ
Fn
fn
dσnm.
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Dividing by mN yields
Pnm ≤
1
N
Hµnm
(
N−1∨
i=0
f−in A
)
+
2N
m
log#A+
∫
φFnfn dµ
n
m
≤−
994
1000
a+
2N
m
log#A,
where the second inequality follows from (11).
Sending m to infinity, we conclude the proof. 
The main result of this section is the following lemma:
Lemma 3.6. For every n > N1 and every (dimF )-dimensional disk I that is
tangent to local Fn cone, we have
lim sup
m→∞
1
m
log volI(G
I,n
m ) < P
n
+
1
1000
a < −
993
1000
a.
Proof. By the choice of δ0, δ2 and (5), we obtain
volI(G
I,n
m ) ≤
∑
z∈Enm
volI(Bδ2,n(z, fn))
≤
∑
z∈Enm
volfmn (I)(f
m
n (Bδ2,n(z, fn)))· | det(Df
−m
n |Fn(fmn (z))) | (e
a
1000 )m.
By Lemma 3.2, the previous inequality is bounded by
volI(G
I,n
m ) ≤ L
∑
z∈Enm
| det(Df−mn |Fn(fmn (z))) | (e
a
1000 )m.
Thus
1
m
log volI(G
I,n
m ) ≤
1
m
logL+ Pnm +
a
1000
,
and
lim sup
m
1
m
log volI(G
I,n
m ) ≤ lim sup
m
Pnm +
a
1000
= P
n
+
a
1000
< −
993
1000
a.

3.4. Proof of Theorem A. Fix any n > N1. Recall that Λn is a positive volume
subset such that (12) holds. We take a smooth foliation box B : IdimE×IdimF →M
such that vol(B ∩ Λn) > 0 and for any a ∈ I
dimE , B(a, ·) maps {a} × IdimF to a
disk Ia that is tangent to local Fn cone. Since the foliation chart is smooth, by
Fubini theorem, there is an ∈ I
dimE such that the corresponding disk In = Ian
satisfies volIn(Λn) > 0.
On the other hand, Lemma 3.6 applied to In yields
lim sup
m
1
m
log volIn(G
In,n
m ) < −
993
1000
a < 0.
In particular, this means that
∞∑
m=1
volIn(G
In,n
m ) <∞.
By the Borel-Contelli Lemma, we have
volIn{x ∈ In : δ
fn,m
x ∈ Un infinitely often} = 0.
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However, this contradicts with the choice of an such that volIn(Λn) > 0. We
conclude the proof of Theorem A.
4. Examples
In this section, we will provide two examples where the metric entropy function
is not upper semi-continuous, yet our main result still applies. Observe that in
these cases, one cannot expect to obtain the continuity of Gibbs F -states only from
its definition.
4.1. Statistical stability of singular hyperbolic attractors. We consider C1
perturbations for the time-one map of singular hyperbolic attractors on three-
dimensional manifolds. Let X be a C2 vector field on a compact boundaryless
3-manifold M and φt be the flow induced by X . An attractor Λ is called singular
hyperbolic, if all the singularities in Λ are hyperbolic, and if there is a dominated
splitting for φt:
TΛM = E
s ⊕ F cu
with dimEs = 1, such that Dφt|Es is uniformly contracting, and Dφt|F cu is volume
expanding: there exist C > 0 and λ > 1 such that
| detDφt|F cu(x)| ≥ Cλ
t
for all x ∈ Λ and t > 0. Note that this condition prevents trivial measures (i.e.,
Dirac measure of a singularity or trivial measures on a periodic orbit) to be Gibbs
F cu-states. Examples of singular hyperbolic attractors include the famous Lorenz
attractor. We invite the readers to the book [5] for a comprehensive study on this
topic.
It is proven in [6, Theorem B, C, Corollary 2] that every singular hyperbolic
attractor has a unique physical measure µ. Moreover, µ is ergodic, hyperbolic
(meaning that µ has a unique zero Lyapunov exponent which is given by the flow
direction), fully supported on Λ, has absolutely continuous conditional measures
on the center-unstable manifolds (these are the images of the Pesin strong unstable
manifolds under the flow), and satisfies the entropy formula:
hµ(φ1) =
∫
log | detDφ1|F cu | dµ.
Note that φ1 is the time-one map of the flow. Denote by U the attracting neigh-
borhood of Λ. Since φ1 is C
2, by Ledrappier-Young formula [23], we see that µ is
the unique Gibbs F cu-state:
GibbsF
cu
(φ1|U ) = {µ}.
By Theorem A, we obtain the statistical stability for C1 perturbations of the
time-one map:
Theorem 4.1. Assume that Λ is a singular hyperbolic attractor for a 3-dimensional
flow φt with attracting neighborhood U . Let {fn} be a sequence of C
1 diffeomor-
phisms converging to φ1 in C
1 topology, and µn be a physical-like measure of fn
supported in U . Then we have µn
weak∗
−−−−→ µ, where µ is the unique physical measure
of φt on Λ.
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We remark that fn need not be the time-one map of a vector field Xn that is C
1
close to X . In this case, since the bundle F cu admits no further domination, it is
possible to create homoclinic tangency after C1 perturbation, see Gourmelon [19,
Theorem 3.1], Pujals, Sambarino [29] and Wen [37] for previous results along this
direction. Following the work of Newhouse [27] (see also [10] for a refined construc-
tion) local horseshoes with large entropy can be created, which prevents the metric
entropy from being upper semi-continuous3.
4.2. The example of Bonatti and Viana on T4. Following Man˜e´’s study [25]
of derived from Anosov diffeomorphisms on T3, Bonatti and Viana constructed
in [8] (see also [35]) a family of robustly transitive diffeomorphisms without any
hyperbolic direction. Their examples are obtained by perturbing a linear Anosov
diffeomorphism A : T4 	 near two fixed points p and q.
Let us briefly recall the construction of the example. Let A ∈ SL(4,Z) be a
linear Anosov diffeomorphism with four distinct real eigenvalues:
0 < λ1 < λ2 < 1/3 < 3 < λ3 < λ4,
and let p, q be two fixed points of A. We fix some r > 0 small enough and consider
the following perturbation of A, and note that such perturbations are C0 small but
C1 large:
(1) outside Br(p) and Br(q) the map is untouched;
(2) in Br(p) the fixed point p undergoes a pitchfork bifurcation in the direction
corresponding to λ2; this changes the stable index of p from 2 to 1 and
creates two new fixed points inside Br(p) with stable index 2, which we
denote by p1 and p2;
(3) a small perturbation near Br′(p1) ⊂ Br(p) makes the contracting eigenval-
ues complex;
(4) repeat steps (2) and (3) in Br(q) for A
−1.
Write
λcs = sup{log ‖DfBV |Ecs(x) ‖ : x ∈ Br(p)} > 0,
λcu = sup{log ‖Df
−1
BV |Ecu(x) ‖ : x ∈ Br(q)} > 0,
λ = max{λcs, λcu}.
Choosing r, λ > 0 small enough (we refer to [8] for full detail and [11] for a refined
construction), we obtain a diffeomorphism which we denote by fBV , such that:
• there exists an open neighborhood UBV ⊂ Diff
1(T4) of fBV such that every
g ∈ UBV is transitive;
• g ∈ UBV admits a dominated splitting TT4 = Ecs ⊕ Ecu with dimEcs =
dimEcu = 2; moreover, Ecs and Ecu cannot be further split into one-
dimensional invariant subbundles;
• Ecs and Ecu are integrable (this requires the refined construction in [11]);
The following theorem is proven in [15].
Theorem 4.2. [15, Theorem B] For r, λ > 0 small enough, there exists a C1 neigh-
borhood U of fBV such that every g ∈ U ∩Diff
2(T4) has a unique physical measure
3Note that the robust h-expansiveness (which implies the upper semi-continuity of hµ(X))
proven in [28] applies only to nearby flows.
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µg which is the unique equilibrium state for the potential ϕg = − log det(Dg |Ecu),
and satisfies
P (ϕg, g) = hµg (g) +
∫
ϕg dµg = 0.
Combining with Theorem A, we obtain the continuity of the physical measures
for the example of Bonatti and Viana:
Theorem 4.3. Let U be the neighborhood of fBV given by Theorem 4.2. Then
restricted to U ∩ Diff2(T4), it satisfies that µg varies continuously (in the weak-*
topology) with respect to g in the C1 topology.
Proof. The previous theorem states that
GibbsE
cu
(g) = {µg}
for g ∈ U ∩Diff2(T4). Let gn, g be C2 diffeomorphisms in U , with gn
C1
−−→ g. Then
Theorem A shows that µgn
weak-*
−−−−−→ µg, as desired. 
Similar to the previous example, since the bundles Ecs and Ecu admit no further
domination, it is possible to create homoclinic tangency after C1 perturbation and
therefore the metric entropy is not upper semi-continuous. See also [15], particularly
Lemma 6.11, for the characterization on the refined entropy structure for g ∈ UBV .
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